The Radon Transform. A mathematical basis for projection-reconstruction was first proposed in 1917 by Johann Radon 1 . For the purpose of simplicity and illustration, we will describe the results for 2D reconstructions from 1D projections at first, and then extend these for (4,2)D PR-NMR. The projection operation for a 2-D function S(x, y) can be described by the integral transform:
which is known as the Radon Transform (denoted here by an operator R). Figure S1 illustrates this transform. The function P(r, θ) describes the values of points on projections. Note that the transform acts on a function in Cartesian coordinates to produce a function in polar coordinates, where the angle θ to the x axis defines a projection, and r specifies a position along that projection. The effect of this transform is to determine line integrals. Thus for a point A(r, θ), the value of the transform is determined by integrating P(x, y) along a line orthogonal to the projection of angle θ, passing through point A. The variable of integration, s, denotes a position on this line of integration.
Inversion of the Radon Transform.
Radon derived an analytical inversion formula for this transform 1 . Rowland 2 provides a concise representation in operator notation: 
The inversion process can be considered as two steps, (1) a filtering step (the word "filter" being used in the signal processing sense), carried out on the projection data by the operators D and H, and (2) a backprojection step, carried out by the operator B on the filtered data. Reconstruction of discrete data by direct inversion of the Radon transform is often called "filtered backprojection." Figure S2 . The backprojection operation. The value of a point, such as B, is determined by summing the values at the points of projections for all projections at all angles. Here are shown the contributions from two projections. The lines of projection can be followed to their intersections with the projections, and the values at these point of projection are then added.
Consider the backprojection step first, which is illustrated in Figure S2 . Note that B acts on a function in polar coordinates to produce a function in Cartesian coordinates, reversing the coordinate system change that occurs in the Radon transform of Equation S1
. In Equation S5 , the integration is carried out with respect to θ, the projection angle, and therefore it should be clear that the value of G at a point B(x, y) is determined by combining one value from each projection, over infinitely many projections recorded at different angles. For a single projection at angle θ, the position of the one value that is used from the projection is determined by r = x cos θ + y sin θ, which is, in fact, simply the point onto which B projects. Thus backprojection is equivalent to adding up the values of all points of projection. The effect of backprojection can also be understood as extending ridges of intensity out from a projection, and then adding together the ridges from all of the projections. Features emerge in the reconstruction where ridges from all of the projections intersect. When there are many projections, the heights of these features will greatly exceed the heights of the ridges. However, as we noted previously, backprojection in the limit of many projections will broaden peaks substantially 3 . Additionally, since the height of the baseline is dependent on the height of the ridges, the baseline level is substantially elevated from zero,
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and shows significant fluctuations, depending on the integral of the signal intensities within the plane.
Both of these factors are detrimental for the successful application to spectra, such as NOESY, that require quantitative reconstruction.
The analytical inversion of the Radon Transform, Equation S2, would correct for peak broadening and baseline distortion by applying the operators H and D. The Fourier and Radon transforms are closely related, however, and it has long been known 2 that Equation S2 can be expressed in a more computationally convenient form using the relation:
where F is the 1-D Fourier transform along the radial dimension r, F -1 is its inverse and t is the radial time domain coordinate. Thus, the inverse Radon transform can be rewritten as: Of course, while the description above is for a (2,1)D case, the experiments described here are actually (4,2)D experiments. Because one dimension in a (4,2)D experiment is the directly observed proton dimension, the problem is actually the reconstruction of a 3D function from 1D vectors. It can be derived 5 that the correct filter function for a 3D reconstruction from 1D projections would be the quadratic function of the radial coordinate, t 2 . Similar to the linear window function |t|, the t 2 filter also produces troughs around the real peaks, except that the troughs are steeper and narrower. In this case, the effect of backprojection is to extend planes perpendicular to each projection, rather than ridges.
With a sufficient number of projections, the positive planes reinforce at peak positions to form peaks, while positive and negative planes cancel elsewhere in the 3D space, to give a flat baseline centered at zero.
The discussions above can be used to derive specific equations for the (4,2)D FBP NOESY experiment described in this paper. Beginning with the basic equation for FBP reconstruction, Equation   1 , we can write a version with the geometry of (4,2)D PR-NMR, with spherical coordinates r, θ and φ for the projection data P; Cartesian coordinates x, y and z for the 4-D reconstruction S; the extra coordinate h for both, representing the directly-observed proton dimension; and the t 2 filter function described above:
where the angle θ is measured in the x/y plane, with angle zero along x, and angle φ is measured from the z axis, with angle zero along the z axis. Over the course of the derivation we will replace the generic variables with the explicit frequency and angle variables used in this experiment. To emphasize the distinction between the directly-observed dimension, and the indirect dimensions, we have used a semicolon to separate them. The projection data are treated here as a continuous function of three spherical coordinates, plus the directly-observed coordinate h. In practice, they are collected as independent 2D projections with dimensions r and h, each taken at independent angles θ and φ, but for the discussion of the mathematics it is most convenient to consider all of them collectively. In this equation, we assume that the spherical angle space is sampled evenly, which is different from the conventional notation that θ and φ are sampled on a regular grid. In the latter case, an additional term, sin φ, would be needed to account for oversampling at the poles.
Substituting a 3-D version of Equation S5
, the backprojection operator,
, , ( 
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is replaced with its explicit definition to give: 
When the last operator, F -1 , is replaced, we have need for two different variables to describe the radial frequency coordinate. The variable r already has a specific meaning, as shown above, and we will therefore designate r' to serve as the frequency coordinate for integration in the innermost transform: , , ;
where ω tilt = ω HM cos θ sin φ + ω CM sin θ sin φ + ω N cos φ is the frequency coordinate on the tilt axis for the outer Fourier transform, and t tilt and ω tilt' are the time and frequency variables of integration, respectively, for the inner transforms. In practice, the filtering step is carried out first: where all coordinates are now written explicitly.
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The equations above are all written as continuous functions of a continuous projection data set. In reality, a finite number of projections are measured at specific angles, and discrete transforms must be used. Equations S17 and S18 can be rewritten to account for this: 
where P i is a given projection with projection angles α HM,i , α CM,i and α N,i , P i ' is a filtered projection, n is the number of projections, N is the number of data points along the tilted axis of each projection and ω tilt, u and t tilt, u indicate the frequency or time coordinate, respectively, for a data point u. We prefer to describe projection directions using angles relative to each Cartesian axis, notated as α (axis) , rather than the spherical coordinate angles θ and φ. This practice was adopted because it is more general across spaces of different dimensionalities, and because it is more straightforward for many different calculations. There is no resolution enhancement in the HM dimension, because the conventional experiment was collected with 50 complex points resolution on this axis, which is comparable to the PR resolution in this dimension. For each projection, 48 complex points were recorded, with 4 transients per FID. Projection time increments and spectral windows were determined, using these angles and the dimension spectral windows of Table 2 During the processing of the HN dimension, in both the 3D and the (4,2)D experiments, the region from 11.0 to 5.6 ppm was extracted.
Comparison to Conventional 4D Experiment
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Data Collection Parameters for Projection and Control Data
